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L E m R  TO THE EDITOR 

Generalized quantization scheme for Lie algebras 

V Lyakhovskyt8 and A Mudrovt. 
t Institut rir Theoretische Physik, Freie Univecsitit Berlin, W-IO00 Berlin 33, Federal 
Republic of Germany 
$Institute of Physics, St Petersburg State University, St Petersburg 198904, Russia 

Received 5 May 1992 

Abstract. The generalized form of the coproduct for quantum Lie algebras is proposed. It 
is demonstrated that the admissible quantum compositions can be easily found. The whole 
construction gives rise to the wide class of multidimensional Hopf algebras. The efficiency 
of the method is demonstrated on examples of non-semisimple quantum universal envelop- 
ing algebras. 

Investigating the structure of the quantized simple Lie algebras relations proposed by 
Drinfeld and Jimbo [ 1,2] and their R-matrix realization discovered by Faddeev, Kulish, 
Reshetikhin and Takhtajan [3,4], having in mind the multiparametric quantizations 
[SI and the contractions as a tool for building the quantum non-semisimple Lie algebras 
[6-81, one necessarily comes to the following conclusions. (i) The Drinfeld-Jimho 
method of quantization of universal enveloping algebras must have multidimensional 
generalizations. (ii) The universal enveloping algebras U(9) for non-semisimple 9 
must have the direct method of their quantum deformations. 

In this letter we describe such a path of quantization that can help to solve these 
problems. We propose the explicit form of the coproduct for the wide class of Hopf 
algebras so that the determination of the admissible quantum compositions is simplified. 
The basic structure is formulated in the proposition. Its role in the quantization is 
illustrated by the explicit construction of non-semisimple quantum Lie algebras-the 
non-trivial multidimensional deformations of U( 9). 

We shall use the following notations: 
.d - the associative algebra over the field K; 
H(,  X, - the generators of d; 
I, L - the finite sets with volumes /I( and ILI; 
i, j, k E I; I,  m, n, EL; 
a‘, p’ - the commuting ILI x ILI matrices; 
X:. = X,,, 0 1, X: = 1 0 X,,,, for m E L; 
X - the  vector whose components are the generators X,; 
H ’ . a ” = Z  H,@a’  - the operator, transforming vector VOW E d@.d into Z HiuO 

ah. Here vector U is multiplied by H, and matrix ai transforms the subspace spanned 
by X ,  and acts trivially elsewhere; 

p ’ . H ”  is defined similarly; 
fi. a I Z H;. ai  transforms vector v E d to Z H,a‘u and similarly 
fi  . A I I: pi* fi; : v + Z f i  i~H:.  

8 Permanent address: Department of Theoretical Physics, Institute of Physics, St Petersburg State University, 
St Petersburg 198904, Russia. 
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Proposition. The free associative unital algebra SB over the field K, generated by 
1, Hi, X, ( i  E I, m E L) with the coproduct 

X' (1) 
AH, = Hi +. HI( (2) 

A1 = 1 0 1  (3) 

AX ,eH'.='~#!+eP'.H" 

the counit 

& ( H i ) =  E(X,)=O €0) = 1 

and the antipode 

S( Hi) = -H, 
S(X) = -e-(B.fi) ,-(n..)X 

S(1) = 1 

(4) 

is the Hopf algebra if the generators Hi commute. 

The statement is easily checked by the direct verification of the Hopf algebra axioms 
[9]. When the matrix elements of a i  and pi tend to zero, formulae (1)-(7) obtain the 
characteristic form of the universal enveloping algebra. So they can be regarded as 
describing the quantized version of some U(%). 

Let 9 be the Lie algebra generated by e. and X ,  where {HJ  form the basis of an 
Abelian subalgebra. Write down the deformation of the product in U( 9): 

[g,, g,]=[g,, gSlo+@,(a'. p'; Hk). (8) 

Here [g,,g,l0 is the initial composition and the deforming functions @,s depend on 
ai and p' and are the power series of Hk.  Define the coproduct (1)-(3) and impose 
the condition that this coproduct is an algebraic map. The explicit form of coproduct 
simplifies considerably the determination of @,S. To end the procedure the Jacobi 
identity must be checked. 

Thus the proposition can he used to construct the family of quantum universal 
enveloping algebras In this scheme of quantization we are not limited to 
dealing only with simple Lie algebras. Here it is not even necessary to use the contraction 
procedure. The wide class of non-semisimple quantum Lie algebras can be obtained 
directly. 

To illustrate these properties we give the examples of quantum U,,('@ algebras 
for three-dimensionai 9s. 

Example 1. Consider the Heisenberg algebra h(1)  with the generators H, X,, X,. 

[ H ,  X,I=[H, XJ = O  (9) 

[XI,  XJ = H. (10) 

Let (I and p be commuting complex 2 x 2  matrices. Then according to (1)-(3) the 
coproduct in Um.P(h(l)) takes the form 

(11) 

AH = H'+  H". (12) 

= e H ' - ' ' ~ # t + e P ' ~ H " ~ ~  
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Suppose that only the composition (10) is deformed 

[ X I ,  &I = H + @ , . z ( ~ ,  P ;  H ) .  
Imposing the conditions A ( [ X , ,  X , ] )  = [ A X , ,  AX,] and AQ1.,(a, p ;  H )  = 
Q1,2(a, e; H'+H")  one easily obtains the relation 

eH't'"(H"+@1.2((I, 8;  H " ) + e " B H " ( H ' + ~ , z ( a ,  p; H')) 
= H ' + H " + @ , , , ( a , p ;  H ' + H " ) .  

The solution is 

Finally the deformed product takes the form 

Formulae (4)-(7) show that here the antipode and the co-unit remain trivial 

S ( H )  = - H  S ( X , )  = -x, S(l)=l  (14) 

E ( H ) =  &(X,,,)=O E(1) = 1. ( 1 9  
The constructed quantum algebra U,,B(h(l)) defined by the relations (11)-(15) is 

the five-parameter family. The properties of its members may be quite different. One 
can choose a and proportional to the unit matrices, a = 9.1, j3 = p . l  and obtain 
some sort of the multiparametric deformation of h(1). If p = -4 one gets the initial 
form of the quantized Heisenberg algebra proposed in [ 6 ] .  While for nilpotent a and 
triangular p, 

a = ( 0  O A  o )  P=(' ') 
O P  

we have 
A X , = X : + A H ' X ; + ( X ; +  v X ~ H " )  erH" 

AX, = X i  + ePH"X: 
[ X , , X 2 ] = e 2 ' H / 2 p .  

When fi  tends to zero we re-obtain the initial form (10) of multiplication while the 
coproduct of X ,  remains modified. 

Example 2. Let us construct the special type of quantization for the algebra of Rat 
motions e(2): 

[ M ,  E+] = E+ [ M ,  E- ]  = -E-  (16) 
[ E , ,  E - ]=O.  (17) 

Here we choose H = E - ,  X I  = E+, X ,  = M. Let (I = A - 1  = -p. Then the coproduct 
becomes 

AE+ = (eAEL) E :  + E >(e-AEc) 
A E _ =  EL+ E! 
AM (eAEL)w+M'(e-"E'). 
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Let the commutator (17) remain stable and write the quantization of the composition 
(16) in the form 

[ M ,  E+] = E+@+(A, E-) 
[M, E_]=@_(& E - ) .  

The functions @-(A, E) and @+(A, E)  have different limits: 

!im @+(A, E-)  = 1 
k-0 

lim@-(A, E-)=-E_. 
A-0 

First consider the relation A[M, E-]  = [AM, PE-]. It gives the very simple equation 

@-(A, EL) eCAEZ+eAEL @-(A, E!)=@_(& E ? + E l )  

which has the obvious solution 

1 
2.4 @-(A, E-) = -- (e""-e-*" ). 

The corresponding equation for @+(A, E-) is 
-h$-(k,  ~ l ; ~ ; + i p @ - ( i ,  ~ y j + ~ * ! E l + E Z ! p @ + ( ~ ,  p)  

' + E ! )  

= e""'E:@+(A, EL+ E!) + CAE'E>@+(A, EL + E!)). 

+E:@+(& E?) e-*(E- 

Substituting the explicit form of @-(A, E) one obtains the result 

@+(A, E-) =$(eAE- + eCAE-) 

which defines the final form of the quantized product 

[ M ,  E+] = E+ cosb(AE-) 

Here the deformed antipode (6) is also non-trivial: 

[ M ,  E-] = -(I/A) sinh(AE-). 

S ( M ) =  -eCAE-M e*€-= -M+sinh(AE_) 

S( E-) = -E- S(E+) = -E+. 

This example shows that the proposed method of quantization works even when 
9 and the subalgebra generated by {Hi} do not form a reductive pair. 

The standard Drinfeld-Jimbo quantization of simple Lie algebras can be incorpor- 
ated in this scheme. The generators Hi, X,,, can be treated as the Chevalley basis of 
simple Lie algebra. Matrices a', p' must be taken in the form 

i k -  lk k l pj = -aj q i  = q ( A , , A , ) / 2  (a ) , - 6  6,q 

where Ai  are the basic roots. Surely, in this approach, after the construction of the 
deformation functions (8) the Jacobi identity must be explicitly checked. In a forthcom- 
ing paper we sha!! show how to treat this situation systematically, 

We thank Professor R Schrader and his collaborators for helpful discussions. One of 
us (VL) acknowledges the support and warm hospitality of the Freie Universitat Berlin 
while finishing this work. 
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